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ON TEE MAXIMUM MODULUS OF AN ANALYTIC FUNCTION.* 

BY T. H. GRONWA. 

Carath6odory and Fej 6rt have proved the following theorem: 
Among all analytic functions 

F(x) - ao + alx + * + anonx, +* 

which are holomorphic for I x I - r and have the same initial n + 1 coeffi- 
cients ao, al, ***, an, there exists one, F = f(x), such that the maximum 
modulus of f(x) for I x I = r, which we denote by M(ao, a, **. , a.; r), is 
smaller than that of any other F(x). This f(x) is uniquely determined by 
the coefficients ao, a,, *.., a. and the radius r; it is rational, of degree not 
exceeding n, and of constant modulus 

If(x) I = M(aoa, *, , an; r) 

in every point of the circumference I x I = r. 
The original proof of Carathdodory and Fej6r is based on considera- 

tions belonging to Minkowski's geometry of convex solids, and E. Fischer: 
has shown how to derive the same result from the algebraic conditions 
for the definiteness of certain Hermitian forms. On account of the 
importance of the theorem, the following quite elementary proof may be 
of some interest. 

First consider the case n = 0, that is, only ao is given. From the 
well-known relation 

Ela,, 12r2v maxI F(x) 12 for IxI =r, 
V=0 

it follows that max I F(x) I for I x = r always exceeds I a0! unless F(x) = ao; 
therefore we have f(x) = ao and M(ao; r) = I ao l 

Now supposing our theorem proved when ao, al, *, an- are given, we 
may show in the following manner that the theorem is also true when ao, 
al, *--, an are given. 

* Read before the American Mathematical Society, April 26, 1913. 
t "Uber den Zuiammenhang der Extremen von harmonischen Funktionen mit ihren Koef- 

fizienten und fiber den Picard-Landauschen Satz," Rendiconti del Circolo Matematico di Palermo, 
32 (1911), pp. 218-239. 

t "Uber das Carathdodorysche Problem, Potenzreihen mit positivem reellen Teil betreffend," 
ibid., pp. 240-256. 
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Denote by 
M = M(ao, al, , a.; r) 

the inferior limit of the maximum of I F(x) I for I x = r; then it is possible 
to select a sequence of functions F1(x), F2(x), ... with the given initial 
coefficients, holomorphic for 1 x I r and such that, writing 

MY = maxlF,(x) for Ix! = r, 
we have 
(1) lim M, = M. 

I=00 

The linear substitution 

(2) = _ z = 1+. (I a I < 1, a conjugate to a) 

defines a conformal representation of the circle I z J - 1 on the circle 
I I < 1 such that z = a and 0 = 0 are corresponding points. 

Now write* 

F,,(x) aO 

(3) GV(x) = MY, MF( = COX + C,2 + + Cyn-l~n + 

M" M 
then, since I F, (x)/M, I c 1 for I x I _ r and in particular I ao/M,, < 1, it 
follows from (2) that 

I G,(x) I1 for IxI r, 
and consequently, making 

(4) H, (x) = G,(x) = c,, 0 + Ca,, x + * + C,, n 
- + * * * 

we have, by Schwarz's lemma, 

(5) fH,,(x) f- for Ix Ir. r 

Since our theorem is true when the initial n coefficients are given, there 
exists a rational function h,(x) of degree ! n - 1, holomorphic for 
x | r, its expansion beginning with 

h, (x) = C, o + C, ix + . .. + C,., _,Xn1 + 
* In ? 15 of his paper "Uber den Picardschen Satz," Vierteljahrschrift der Naturforschenden 

Gesellschaft in ZVirich, 51 (1906), pp. 252-318, Landau considers the converse of our problem, viz., 
the determination of the greatest r for which M(ao, a,, *--, a.; r) will take a given value M. 
He also uses the linear substitution (2); but his method is entirely different from that of the present 
paper and does not bring out the constancy of I f(x) I on the circumference I x = r. 
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of constant modulus m, for I x I = r, and such that 

or by (5) MY 5 max I H,(x) I for jxj =r, 

(6) m = r . 

Being of constant modulus for I x j = r, the rational function h,(x) of 
degree - n - 1 may be written in the form* 

(7) h,,(x) =Me iflCy,,X 

ArI -AX 
r 

where 0 5 Y,,. 2wr and I CA, I r. 
Since mv, 7, c,,V, are all bounded, we may select an infinite sequence of 

indices v, 2(l), *. ** or briefly, a sequence {1 } such that 

lim my = m 
{1} 

exists. From the sequence {1}, we may further select a sequence {2} 
such that 

lim my = m, lim yv = y, 
{2} {2} 

and continuing in this way, we arrive at a sequence {n + 1 } such that 
lim m, = m, lim y, = 'y, lim cl, = cl, *--, lim Cn.-1, = Cn- 
{n+1} {n+1} {n+1} {n+1} 

where obviously 
-<1 (8) m =Or ? y 27r, ICA I c r (= 1, 2 , n +1). 

We now form the rational function of degree c n - 1 

(9) h(x) =meviji X = CO+ClX+ +cn + xCn '+ *; 
A=1 CAX 

r 
then 

(10) jh(x) I = m for lxi =r, 

and since C, o, C,,, * *, Cn- are found from the expansion of (7) as 
polynomials in mveyvi, cl, ***, c,, . ,,, c1,, *, c with coefficients inde- 
pendent of v, it is obvious that 
(11) lim Cs,,0 = Coy lim C,,1 l= C, ***, lim C,,, n1 =Cn= 

{n+1} {n+1} {n+1} 

* See for instance ? 3 of T. H. Gronwall, "On analytic functions of constant modulus on a 
given contour," these Annals, 2d series, vol. 14 (1912), pp. 72-80. 



80 'T. H. GRONWALL. 

Equation (3) shows that Cv, 0, C,,1, **, Cy, n_ are connected with ao, al, 
** , an by the relations 

a, = (M - I a12)Cy 0 

as= (MV - fMI )cV.1 -~1CB 

a= (MV - IM ) C,, tOi--ioa1C,, n- 2- - -a~a_1C,, O. 

Since obviously lim{n+1}M, = M, it follows from (11) that the rela- 
tions connecting CO, C1, * *, C,~1 with a0, a1, *.* , an~ are obtained from the 
preceding ones by replacing M, by M. If we therefore define a function 
f(x) by the equation 

f(x) aI 

(12) g(x) = xh(x) = - a f(x) 
1 MM M 

whence 

1 + -g(X) 

it follows that the expansion of f(x) begins with 
f(x) = a + a1x +equa 

Furthermore ! ao!12 + I ai!12ar2o+ + anI2 r2nCM, (v =1,2, *) 

and letting v tend toward infinity, 

ao12 +I|auI12r2 + ...+}an I2 r2n cM, 
so that |Iao|< M (unless al = a= * .= an=0O.in which case we 
have previously found M = |a0 1, f(x) = ao); therefore, since by (10) 
and (12) 
(14) t g(x) | =f{ xh(x) i = rm c 1 for IxI =r, 
we find by comparison of (2) and (13) thatf(x) is holomorphic for X x i r 
and that for 1 x = 

maxlXf(x)j lcM, 

where the equality sign holds only if rm = 1 in (14). But since M is the 
inferior limit of the maximum modulus for all functions F(x), it follows 
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that the equality sign must hold, whence 

(15) | h(x) I = - for {xj =r r 
and I g(x) = 1; hence, by (2) and (13) 

| f(x) I = M for x =r. 
We finally have to prove the uniqueness of this function f(x). Consider 
any function Fo(x) with the initial coefficients ao, al, *.. , a,", holomorphic 
for I x I c r and such that I Fo(x) I c M for I x I = r, and form Go(x) 
and Ho(x) from Fo(x) by equations (3) and (4), M, being replaced by M; 
then H Ho(x) I c 1/r for I x I = r, and Ho(x) has the initial coefficients 
Coy C1, *.., C,,. Now there exists one and only one function ho(x) 
holomorphic for I x I c r, having the initial coefficients Co, C1, *.* *, Cnl 
and 'making 4 = max l ho(x) I for I x I = r a minimum. This pL is equal 
to 1/r, since otherwise the substitution of ho(x) for h(x) in (12) would give 
an f(x) of maximum modulus less than M. Since consequently 
I Ho(x) | j for f x = r, it follows from the uniqueness of ho(x) that 

Ho(x) = ho(x) = h(x), 
and therefore 

Fo(x) = f(x). 
It is now easy to set up the algebraic equation which defines M in terms 
of ao, a1, *.., a.. With an indeterminate M, set up equation (12) and 
calculate CO, (1, *C , C,_1, which are obviously rational in M, a0, a0, 
a1, a2, *.., a,. Since the maximum modulus of h(x) for I x = r is 1/r, 
we form the equation analogous to (12) 

xk(x) rh(x) - rCo 

1 -r~o -rh(x) 
and calculate the first n - 1 coefficients co, cl, *.., c,,2 in the expansion 
of k(x). The maximum of I k(x) I for I x I = r is evidently also 1/r, and 
repeating the above process, we finally arrive at an equation 

xmx )- 
rl(x) - rdo 

1 -rdo rl(x) 
where only the first coefficient eo in the expansion of m(x) can be obtained 
in terms of M, a0, ol a1l, , ... a", an and r by means of the recurrent 
formulas previously obtained. The required equation is then 

leol 1' 

and the value of M is its smallest positive root. It would be of some 
interest to show algebraically that this equation is identical with the one 
obtained explicitly in determinant form by Carath6odory and Fejer. 

PRINCETON UNIVERSITY. 
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